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E-mail address: wanghaibo@ncut.edu.cn (H. WangThe two-stage loading tests of 5754O aluminum alloy sheet were carried out. In the ﬁrst loading stage,
the uniaxial tensile tests of big sheets were carried out. Then small specimens were cut off from the
pre-strained big sheets along different directions. And in the second loading stage, the uniaxial tensile
tests of the small specimens were performed. From the experimental results, it is found that the initial
yield stress of each specimen in the second loading stage decreases when the strain path changes. In addi-
tion, when the strain path changes the transient effect appeared and no obvious permanent softening was
observed. In this study, in order to describe the hardening behavior of 5754O aluminum alloy sheet under
two-stage loading, the Chaboche type combined isotropic–kinematic hardening models were adopted
with Yld2000-2d and Hill48 as yield functions. It is proven that no permanent softening can be described
with Chaboche type model in two-stage loading. Three methods for determining the parameters of the
hardening models were developed in order to establish accurate isotropic–kinematic hardening model
describing the hardening behavior of 5754O aluminum alloy sheet under two-stage loading. The estab-
lished constitutive models were implemented into the commercial FEM code ABAQUS as a user material
subroutine (UMAT) for numerical simulations. By comparing the experimental and simulated results of
the two-stage loading tests, the isotropic–kinematic hardening models describing the hardening behavior
of 5754O aluminum alloy sheet under two-stage loading were accurately determined. Also, the inﬂuences
of the characterization method of Hill48 yield function on the accuracy of the resulting hardening models
were discussed. It is also found that the established isotropic–kinematic hardening model describing the
hardening behavior under two-stage loading can describe reasonably the springback proﬁle of the three
point bending of the pre-strained specimen.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Sheet metal forming is usually a complicated deformation pro-
cess, during which the strain path of the material points may
change. The deformation behavior of materials under complex
loading condition is different from that under monotonic loading
condition since the loading path change will affect the hardening
behavior, ﬂow rule and forming ability, etc. When the strain path
changes, some phenomena such as transient effect, increase or de-
crease of the yield stress and the hardening rate of the stress–strain
curves will appear.
Among the strain path change loading conditions, reverse
loading conditions have been widely investigated for a long time.
During reverse loading, Bauschinger effect, transient effect and per-
manent softening are commonly observed. In order to investigate
the effect of the reverse loading on the hardening behavior of sheetll rights reserved.
).metals, many cyclic tension–compression loading tests have been
performed in which some methods for preventing buckling during
compression loading have been developed. Kuwabara et al. (1995,
2009) carried out tension–compression tests without buckling of
the specimen using a specially designed equipment mounted with
comb-type dies. In their tension–compression tests, a decrease in
the ﬂow stresses due to the Bauschinger effectwas clearly observed.
Chen et al. (1999) developed reverse torsion tests to investigate the
Bauschinger effect and multiaxial yield behavior of mild steel. Yos-
hida et al. (2002) carried out in-plane cyclic tension–compression
tests at large strain by employing adhesively bonded sheet laminate
specimens as well as a special device for preventing the buckling of
specimens. They found that the cyclic hardening was strongly inﬂu-
encedby cyclic strain range andmean strain. The transient softening
andworkhardening stagnation during stress reversalswere also ob-
served. Boger et al. (2005) performed continuous strain reversal
testswith a special specimen geometry and solid ﬂat plates as buck-
ling constraints. The Bauschinger effect, room-temperature creep,
and anelasticity after strain reversals in commercial sheet alloys
3694 H. Wang et al. / International Journal of Solids and Structures 49 (2012) 3693–3710were investigated. Lee et al. (2005) carried out in-plane uniaxial
cyclic tension–compression tests where solid plates made of the
hardened steel were placed along the side of the sheet specimen in
order to prevent buckling of the thin sheet specimen. With their
experimental results, the material parameters of the combined iso-
tropic–kinematic hardening law (Chung et al., 2005) were deter-
mined. Cao et al. (2009) developed a ﬁxture with a regular
tension–compression machine, where the normal support was pro-
vided to the entire length of the specimen during the tension–com-
pression cycle so that the potential buckling of sheet specimen can
be prevented. The cyclic tension–compression behavior during re-
verse loading and the non-symmetric behavior during reloading
were observed and described.
Since sheet metal forming is a complicated process, the strain
path change of sheet metals during forming process is various. Be-
sides in-plane uniaxial cyclic tension–compression tests, some
two/multi-stage loading tests such as tension–tension, tension–
shearing and two-stage biaxial loading have also been performed
in order to investigate the hardening behavior of sheet metals un-
der complicated loading paths. Wagoner and Laukonis (1983) car-
ried out strain path-change tests (plane strain tension followed by
uniaxial tensile tests) to evaluate the residual work-hardening
behavior. They found that the subsequent hardening curves de-
pended primarily on the relative direction between major strain
axes in the two deformation stages and very little on the speciﬁc
pre-strain procedure. Doucet and Wagoner (1989) performed ten-
sile tests along the transverse direction on specimens which are
pre-strained along the rolling direction under plane strain condi-
tion. Khan and Wang (1990) developed a non-proportional biaxial
compression experiment in which a rectangular block ﬁrst under-
goes uniaxial compression and then, after ﬁnite deformation, was
subjected to biaxial compression. Hu et al. (1992), Thuillier and
Rauch (1994) performed two-stage experiments (including shear
and tension tests) to investigate the deformation behavior of met-
als. Hiwatashi et al. (1997, 1998) performed non-proportional
biaxial loading experiments to evaluate the crystal plasticity.
Kuwabara et al. (2000) carried out strain path-change experiments
and found the important differences between the yield surface
shapes found by the strain path change procedure and the shapes
found by probing the yield points from the elastic region. Barlat
et al. (2003b) obtained non-linear deformation paths using uniax-
ial tension followed by simple shear tests. The ﬂow stress was rep-
resented as a function of the plastic work in order to eliminate the
inﬂuence of the initial plastic anisotropy and to compare the re-
sults in a consistent manner. Based on experimental and simula-
tion results, the relative contributions of the crystallographic
texture and dislocation microstructure evolution to the anisotropic
hardening behavior of the material were discussed. Bouvier et al.
(2005) carried out two-stage tests (shear–shear and tension–shear)
to investigate the deformation behavior. Bouvier et al. (2006)
investigated the isotropic, kinematic and distortional hardening
of rolled metal sheets at moderate and ﬁnite strains using two-
stage non-proportional loadings involving sequences of simple
shear and uniaxial tensile deformations. Kim and Yin (1997) per-
formed three-stage tests, where in the ﬁrst loading stage, the
sheets were stretched in the rolling direction, in the second loading
stage the sheets were stretched at certain angles to the rolling
direction, and in the third loading tensile test were performed
along different directions. From tensile tests, effects of the two-
stage pre-strains on the subsequent yielding were investigated.
They observed that the orientations of the orthotropic axes change
drastically over a few percent of tensile strain. Kuwabara et al.
(2002) carried out the same test on an IF steel sheet. From the
three-stage tests, Hahm and Kim (2008) found that the r-value dis-
tribution is hardly affected by the pre-strain. Wu et al. (2005) car-
ried out uniaxial tensile tests along different angles from therolling direction for both as-received and pre-strained sheet to
investigate the effect of pre-strain on material anisotropy. They
concluded that the conventional methodology for determining
material anisotropy overestimated the effect of the pre-strain. Tari-
gopula et al. (2008) investigated the elasto-plastic behavior of
sheet metals under two-stage loading and observed Bauschinger
effect, transient effect and permanent softening phenomena. Man-
ninen et al. (2009) carried out two-stage tests and investigated the
effect of pre-strain on material anisotropy. Considerable Bauschin-
ger effect, transient effect and permanent softening were observed.
Khan et al. (2009, 2010a,b) investigated the initial and subsequent
yield surfaces of aluminum alloy. The subsequent yield surfaces
were determined during various loading paths. It is found that
the initial yield surface is very close to the von-Mises yield surface
and the subsequent yield surfaces undergo translation and distor-
tion. On subsequent yield surface a ‘‘nose’’ in the loading direction
and ﬂattened shape in the reverse loading direction were observed.
They found that the yield surfaces after unloading depict strong
anisotropy, positive cross-effect and exhibits different proportion
of distortion in each loading condition. Verma et al. (2011) per-
formed two-stage uniaxial tests along with uniaxial cyclic tests
and biaxial tests to evaluate the effect of more general strain path
changes on the deformation behaviors of sheet metals. They pro-
posed the combined isotropic–kinematic hardening model which
can reasonably describe various experimental phenomena under
more general strain path changes such as the hardening stagnation,
cross-effect and asymmetry in tension and compression, Bauschin-
ger effect and the transient behaviors.
In order to describe the hardening behavior of sheet metals un-
der strain path change loading, many hardening models including
microstructural and phenomenological models have been pro-
posed. Teodosiu and Hu (1995) proposed a microstructural model
which can reasonably describe the macroscopic hardening behav-
ior under strain path change loading condition (Haddadi et al.,
2006; Oliveira et al., 2007). Bouvier et al. (2005) proposed a phys-
ically-based phenomenological model using four internal state ten-
sor variables based on Teodosiu and Hu’s model. The accuracy and
the efﬁciency of the model were evaluated with the springback
simulations of the stamping of a curved rail. However, compared
to the phenomenological models, the microstructural models are
computationally expensive and the parameters identiﬁcation is
very complex so that they have not been widely used.
Two kinds of phenomenological models have been used in order
to describe the in-plane uniaxial cyclic tension–compression hard-
ening behavior: one is based on kinematic hardening (shifting of a
single-yield surface), and the other one involves multiple yield sur-
faces (Khan and Huang, 1995). For the ﬁrst kind of models, Chab-
oche type combined isotropic–kinematic hardening model
(Chaboche, 1986) generalized from the Armstrong–Frederick type
model (Armstrong and Frederick, 1966) has been used widely for
a long time. In order to more accurately describe the hardening
behavior during strain path change loading, mainly for reverse
loading, some new hardening models and some new methods for
determining the kinematic hardening parameters have been devel-
oped based on Chaboche type model (Chaboche, 1991; Chun et al.,
2002; Geng et al., 2002; Geng and Wagoner, 2000, 2002; Khan and
Huang, 1995; Ohno and Wang, 1993a,b; Yoshida et al., 2002).
Based on the generalized plastic work equivalence principle, Chung
et al. (2005) proposed one modiﬁed Chaboche type combined iso-
tropic–kinematic hardening law, which can accurately describe the
transient behavior by considering the slope of the loading and
unloading curves. Since no permanent softening can be predicted
by this model (Kim et al., 2006), Ahn et al. (2009), Chung et al.
(2010) and Lee et al. (2006) improved it by introducing softening
parameter. Some two-surface models (Dafalias and Popov, 1976;
Krieg, 1975; Lee et al., 2007; Yoshida and Uemori, 2002) have also
Fig. 1. The simple tension hardening curves along various directions.
Fig. 2. The normalized stresses-plastic work along various directions.
Fig. 3. The strain along the width direction and that along the longitudinal
direction.
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reverse loading accurately.
As to two-stage loading for some materials, hardening behav-
iors such as Bauschinger effect and transient behavior have been
observed (Gardey et al., 2005; Hahm and Kim, 2008; Manninen
et al., 2009; Tarigopula et al., 2008, 2009; Yoshida et al., 2011).
Some attempts have been made to describe the hardening behavior
when strain path changes. Hahm and Kim (2008) made an attempt
to approximate the observed yield and ﬂow behavior under two/
multi-stage tests based on a modiﬁed isotropic–kinematic harden-
ing model with Hill48 yield function. The yield stress distributions
were predicted to some degree. Tarigopula et al. (2008) used Chab-
oche type combined isotropic–kinematic hardening model with a
high-exponent yield function (Hershey, 1954). The parameters of
the hardening model were deduced by numerical tests and corre-
lation with certain experimental stress-plastic strain curve. This
model can describe the remarkable yield stress decrease and the
transient effect when strain path changes with reasonable accu-
racy. The general trends of the experimental results were described
reasonably. Then Tarigopula et al. (2009) evaluated the perfor-
mance of the established Chaboche type hardening model for other
deformation modes of dual-phase steel subjected to non-propor-
tional loading. It is found that the Chaboche type model predicted
the general trends of the experimental results such as transitory
hardening and overall work hardening. However, the transient
hardening behavior subsequent to strain path changes cannot be
described accurately. Manninen et al. (2009) analyzed the evolu-
tion of kinematic and isotropic hardening components in two-
stage tests using Chaboche type combined isotropic–kinematic
hardening model with Mises yield function, while no predicted re-
sults of experimental curves were presented.
In this study, the hardening behaviors of 5754O aluminum alloy
sheet under a two-stage loading (tension–tension) were investi-
gated. The primary objective is to establish an isotropic–kinematic
hardening model that can describe the hardening behavior of
5754O aluminum alloy sheet under two-stage loading accurately.
In order to describe the hardening behavior under two-stage load-
ing, the Chaboche type combined isotropic–kinematic hardening
model with Yld2000-2d yield function (Barlat et al., 2003a) was
adopted, and three methods for determining the parameters of the
hardening model were established. The Chaboche type combined
isotropic–kinematic hardening model with Hill48 yield function
was also used to describe the hardening behavior. The established
constitutive models were implemented into ABAQUS software and
were veriﬁed by comparing the theoretical and experimental re-
sults. Considering more general strain path changes, three point
bending tests of pre-strained specimens were performed to verify
further the established hardening model further.
2. Material characterization
Simple tension tests of the test material 5754O aluminium alloy
sheet along the rolling, 45 off and transverse directions were car-
ried out. The measured hardening curves along the three directions
are shown in Fig. 1. In this study, the simple tension along the roll-
ing direction is adopted as the reference state. As for anisotropy,
the normalized stresses along the rolling, 45 off and transverse
directions (r0/r0,r45/r0,r90/r0) are calculated at different plastic
work as shown in Fig. 2. As shown in Fig. 2, the normalized stresses
r45/r0 and r90/r0 varies with the plastic work obviously. In order
to characterize the anisotropy of stress in the whole deformation
process reasonably, the averages of the normalized stresses at
the plastic work from 10 Mpa to 40 Mpa is adopted as the mechan-
ical properties and to calculate the coefﬁcients of the yield func-
tions presented in Section 4 instead of those at the initial yield
point. Then the anisotropy of stress (e.g., the hardening curvesalong the 45off and transverse directions) can be described rea-
sonably when the hardening curve along the rolling direction is
adopted as the reference curve, which will be shown in Section
6.1 (Figs. 8 and 13).
The r-value was calculated with Eq. (1) (Chung et al., 2011):
r ¼ deyy=dezz ¼ deyy=ðdexx þ deyyÞ ¼ deyy=dexxð1þ deyy=dexxÞ ð1Þ
where exx, eyy and ezz are the true strains along the longitudinal,
width and thickness directions in simple tension test, respectively.
The value of deyy/dexx was determined by linearly interpolating the
measured strains along the width and the longitudinal directions,
respectively (eyy and exx) and the measured deyy/dexx of simple ten-
sion tests along various directions are shown in Fig. 3.
Table 1
The mechanical properties of the test material 5754O aluminium alloy sheet.
r0/r0 r45/r0 r90/r0 rb/r0 r0 r45 r90
1 0.955 0.964 1.012 0.692 0.859 0.934
Fig. 4. Dimensions and directions of the specimens (mm). (a) Second loading stage
oriented 90 to the direction of the ﬁrst loading stage. (b) Second loading stage
oriented 45 to the direction of the ﬁrst loading stage. (c) Second loading stage
along same direction of the ﬁrst loading stage.
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aluminum alloy are listed in Table 1.
3. Experimental
3.1. Experimental procedure
The two-stage loading tests were made up of two steps. First,
the uniaxial tensile tests were performed in one group of big
sheets. After some pre-strains, small specimens were cut off along
different directions from the center of the pre-strained specimens
and then uniaxial tensile tests of the cut off specimens were per-
formed. The dimensions and directions of the specimens in the ﬁrst
and the second loading stages are shown in Fig. 4.
Three groups of two-stage loading tests with strain path
changes were performed:
Group (1): As shown in Fig. 4(a), the ﬁrst and the second loading
stages are along the rolling and the transverse direc-
tions, respectively. The plastic pre-strains in the ﬁrst
loading stage were 0.013, 0.02, 0.028, 0.047, 0.077
and 0.107, respectively.
Group (2): As shown in Fig. 4(a), the ﬁrst and the second loading
stages are along the transverse and the rolling
directions, respectively. The plastic pre-strains in the
ﬁrst loading stage were 0.047 and 0.077, respec-
tively.
Group (3): As shown in Fig. 4(b), the ﬁrst and the second loading
stages are along the rolling and the 45 directions,
respectively. The plastic pre-strains in the ﬁrst loading
stage were 0.018 and 0.057, respectively.
In addition, the tensile tests without strain path change were
performed and the dimensions of the specimens are shown in
Fig. 4(c).
3.2. Experimental results
The experimental stress–strain curves in the second loading
stage are shown in Fig. 5. As shown in Fig. 5(a)–(c), Bauschinger ef-
fect and transient effect appear due to strain path changes, i.e. the
initial yield stress decreases and the slopes of the stress–strain
curves change rapidly. After some deformation, the stress–strain
curves in the second loading stage converge to that in monotonic
loading, i.e. there is no permanent softening.
As shown in Fig. 5(d), when the ﬁrst and the second loading
stages are along the same direction (i.e., no strain path change),
the stress–strain curves coincide with those in monotonic loading.
In other words, no above phenomena such as Bauschinger effect
and transient effect appear when the strain path does not change.
For the two-stage loading where the ﬁrst and the second load-
ing stages are along different directions, the experimental stress–
strain curves can only be analyzed qualitatively in the same coor-
dinate system due to anisotropy.
In order to obtain a reasonable equivalence for the stress–strain
curves in different directions, the stress should be represented as a
function of the plastic work per unit volume (Khan and Huang,
1995), and then a direct comparison between the assumption of
isotropic hardening and the real hardening exhibited by the mate-
rial can be carried out (Barlat et al., 2003b).The stress-plastic work per unit volume curves in the second
loading stage are plotted in Fig. 6. As shown in Fig. 6(a)–(c),
when strain path changes, Bauschinger effect and transient effect
were observed by comparing the stress-plastic work curves in
the second loading stage and those in monotonic loading. After
some plastic work, the stress-plastic work curves in the second
loading stage converge to that in the monotonic loading, i.e.,
no permanent softening appears. As shown in Fig. 6(d), when
strain path does not change, no Bauschinger effect or transient
effect appears, and during plastic deformation process the
stress-plastic work curves coincide with that in monotonic
loading.
Therefore, isotropic hardening will not be sufﬁcient to describe
the observed Bauschinger effect and transient effect under
two-stage loading, and kinematic hardening should be considered
to model the observed hardening behavior under two-stage
loading.4. Isotropic–kinematic hardening model
4.1. Yield function
In this study, Yld2000-2d yield function proposed by Barlat
et al. (2003a) was adopted to establish the isotropic–kinematic
Fig. 5. Stress–strain curves in the second loading stage with different pre-strains. (a) Curves along the transverse direction with pre-strains along the rolling direction. (b)
Curves along the 45 direction with pre-strains along the rolling direction. (c) Curves along the rolling direction with pre-strains along the transverse direction. (d) Curves
along the rolling direction with pre-strains along the rolling direction.
Fig. 6. Stress-plastic work per unit volume curves in the second loading stage. (a) Curves along the transverse direction with pre-strains along the rolling direction. (b) Curves
along the 45 direction with pre-strains along the rolling direction. (c) Curves along the rolling direction with pre-strains along the transverse direction. (d) Curves along the
rolling direction with pre-strains along the rolling direction.
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two-stage loading accurately.
Yld2000-2d yield function is given by
/ ¼ /0 þ /00 ¼ 2rm ð2Þ
where exponent m is a material coefﬁcient and
/0 ¼ jX 01  X02jm
/00 ¼ j2X002 þ X001jm þ j2X001 þ X 002jm
(
ð3Þ
Here, u is the sum of two isotropic functions, which are sym-
metric with respect to X01 and X
0
2 as well as X
00
1 and X
00
2. The principal
values of the matrices, X
0
and X00 are
X01 ¼ 12 ðX011 þ X 022 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðX 011  X022Þ2 þ 4X0212
q
Þ
X02 ¼ 12 ðX011 þ X 022 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðX 011  X022Þ2 þ 4X0212
q
Þ
8><
>: ð4aÞ
and
X001 ¼ 12 ðX0011 þ X 0022 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðX 0011  X0022Þ2 þ 4X00212
q
Þ
X002 ¼ 12 ðX0011 þ X 0022 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðX 0011  X0022Þ2 þ 4X00212
q
Þ
8><
>: ð4bÞ
Components of X0 and X00 are obtained from the following linear
transformation of the Cauchy stress:
X0 ¼ L0r; X 00 ¼ L00r ð5Þ
where
L011
L012
L021
L022
L066
2
6666664
3
7777775
¼
2=3 0 0
1=3 0 0
0 1=3 0
0 2=3 0
0 0 1
2
6666664
3
7777775
b1
b2
b7
2
64
3
75 ð6ÞL0011
L0012
L0021
L0022
L0022
2
6666664
3
7777775
¼ 1
9
2 2 8 2 0
1 4 4 4 0
4 4 4 1 0
2 8 2 2 0
0 0 0 0 9
2
6666664
3
7777775
b3
b4
b5
b6
b8
2
6666664
3
7777775
ð7Þ
In Eqs. (5)–(7), r is Cauchy stress and b1  b8 are eight anisot-
ropy coefﬁcients. The procedure for solving b1  b8 numerically
was developed according to the method proposed by Barlat et al.
(2003a). In this study m = 8 since 5754O aluminum alloy is an
FCC material.
Hill48 yield function is also adopted to establish the isotropic–
kinematic hardening model and under a plane stress condition it is
given by
ðGþ HÞr2x  2Hrxry þ ðF þ HÞr2y þ 2Nr2xy ¼ r2 ð8Þ
where F, G, H and N are material coefﬁcients which can be calibrated
with normalized stresses (r0/r0, r45/r0,r90/r0, and rb/r0) or the
r-values along different directions (r0, r45 and r90) (Park and Chung,
2012).
In this study, for convenience, the Hill48 yield function charac-
terized with r-values is called Hill48 (1) while that characterized
with normalized stresses is called Hill48 (2). Then the established
isotropic–kinematic hardening models with different yield
functions (Yld2000-2d, Hill48 (1) and Hill48 (2)) will be compared
with experimental results, and the inﬂuences of characterization
method of Hill48 on the accuracy of the resulting hardening model
will be analyzed.4.2. Hardening model
4.2.1. Chaboche type model
The kinematic hardening law in Chaboche type model, i.e.,
Amstrong and Frederick evolution rule (Armstrong and Fredrick,
1966), can be expressed as
da ¼ c ðr aÞ
r
dep  cadep ð9Þ
where r is Cauchy stress tension, a is backstress tensor, c and c are
material parameters, ep is the equivalent plastic strain and r is the
equivalent stress (the isotropic hardening). Here only one term of
the backstress in Chaboche type model was adopted.
Chaboche type model as well as its modiﬁed model has been
widely used for describing the hardening behavior of sheet metals
under cyclic tension–compression loading. The kinematic harden-
ing parameters can be assumed to be constant or be represented
as the functions of the plastic deformation (Ahn et al., 2009; Cao
et al., 2009; Chung et al., 2005, 2010; Geng et al., 2002; Geng
and Wagoner, 2002; Khan and Huang, 1995; Kim et al., 2006; Lee
et al., 2005) according to actual needs.
Chaboche type model can describe the Bauschinger effect and
the transient effect during reverse loading reasonably whereas it
cannot describe the permanent softening in the uniaxial cyclic ten-
sion–compression loading (Chun et al., 2002; Chung et al., 2005;
Yoshida et al., 2002), and Kim et al. (2006) presented the detailed
theoretical explanation.
By replacing the stress tensor r in Yld2000-2d yield function
with r  a, the Chaboche type combined isotropic–kinematic
hardening model with Yld2000-2d yield function can be expressed
as
/ðr aÞ ¼ 2rm ð10Þ
For this two-stage loading, there are only two principle stresses,
which are along the rolling and the transverse directions, respec-
tively. So we have
/ðr1  a1;r2  a2Þ ¼ 2rm ð11Þ
where r1 and a1 are the stress and backstress variables along the
rolling direction and r2 and a2 are those along the transverse direc-
tion. In this study, the simple tension along the rolling direction is
adopted as the reference state.
Then the performance of Chaboche hardening model for the
permanent softening in two-stage loading is analyzed in Appendix.
It is proven that no permanent softening can be described with
Chaboche type model in two-stage loading. Coincidentally, no
obvious permanent softening was observed in the experimental re-
sults in this study. Therefore, we make an attempt to describe the
hardening behavior in the two-stage loading using Chaboche type
model.
4.2.2. Calculation of the backstress and the isotropic hardening
The method for determining the parameters of the hardening
models in uniaxial cyclic tension–compression loading cannot be
directly used for that in two-stage loading since the loading paths
are different. Also take the two-stage loading where the ﬁrst and
the second loading stages are along the rolling and the transverse
directions respectively as an example. According to the Chaboche
type combined isotropic–kinematic hardening model, besides the
isotropic expansion, the yield surface will also shift along the load-
ing direction in the ﬁrst loading stage.
At the end of the ﬁrst loading stage (uniaxial tension in the roll-
ing direction), r2 = 0 and a2 = 0. Then from the isotropic–kinematic
hardening model we have
r1  a1 ¼ r ð12Þ
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the rolling direction at the end of the ﬁrst loading stage.
At the initial yield point of the second loading stage, r1 = 0 and
a2 = 0. Then from Eq. (11) we have
/ða1;r2Þ ¼ 2rm ð13Þ
where r2 is the measured yield stress at the initial yield point of the
second loading stage.
Then the isotropic hardening r and the backstress a1 can be ob-
tained by solving Eqs. (12) and (13) numerically. The results based
on the Chaboche type model with Hill48 yield function can also be
obtained just by replacing Yld2000-2d with Hill48 yield function in
Eqs. (12) and (13).
4.2.3. Determination of the parameters of the hardening model
With several two-stage loading tests with different pre-strains
in the ﬁrst loading stage, a group of r and a1 can be obtained from
Eqs. (12) and (13). After the calculation of the backstress and the
isotropic hardening, three methods for determining the parame-
ters of the hardening model are presented below utilizing the
experimental data of group (1) (the ﬁrst and the second loading
are along the rolling and the transverse directions, respectively).
Method (1)
The kinematic hardening parameters of Chaboche type model, c
and c, are assumed to be constants. Then in the ﬁrst loading stage
of group (1), from Eq. (9) we have
a1 ¼ cc ð1 expðce
pÞÞ ð14Þ
Voce type hardening function was adopted to describe the
isotropic hardening r:
r ¼ r0 þ qð1 expðbepÞÞ ð15Þ
where r0, q and b are materials parameters.
c and cwere obtained by ﬁtting a group of data (a1; ep) while r0,
q and b were obtained by ﬁtting data (r; ep).
Method (2)
The kinematic hardening parameters of Chaboche type model,
c and c, were determined with Method (1).
As for the isotropic hardening r, we use the expression below:
r ¼ r1  a1 ¼ r0 þ q 1 expðbepÞð Þ  cc ð1 expðce
pÞÞ ð16Þ
where r0, q and b were obtained by ﬁtting the uniaxial tensile test
data, (r1; ep), in the rolling direction.
Method (3)
Voce type hardening function was adopted for the isotropic
hardening r and the parameters r0, q and b were determined with
Method (1).
For the ﬁrst loading stage of group (1), from Eqs. (9) and (12) we
have
da1
dep
¼ c  ca1 ¼ dr1dep 
dr
dep
ð17Þ
where dr1dep can be obtained from the experimental curve in the ﬁrst
loading stage of group (1), and drdep can be obtained from Eq. (15) or
from the resulting data (r; ep) if they are sufﬁcient.
At the initial yield point of the second loading stage of group (1),
a2 = 0 and r1 = dr1 = 0. Then according to Eq. (9)
da1
dep
¼ c ðr1  a1Þ
r
 ca1 ¼ a1 crþ c
 
ð18Þ
and
da2
dep
¼ c ðr2  a2Þ
r
 ca2 ¼ cr2r ð19ÞFor the ﬁrst loading stage of group (1), according to Drucker’s
postulate and plastic work equivalent theorem
dep2
dep
¼ @/=@r2
@/=@ðr1  a1Þ ð20Þ
where dep2 is the plastic strain increment along the transverse direc-
tion. Then we have
dr2
dep
¼ dr2
dep2
dep2
dep
¼ dr2
dep2
@/=@r2
@/=@ðr1  a1Þ ð21Þ
The differentiation of the Chaboche type combined isotropic–
kinematic hardening model with Yld2000-2d yield function (Eq.
(10)) leads to
@/
@r1
dr1 þ @/
@a1
da1 þ @/
@r2
dr2 þ @/
@a2
da2 ¼ @/
@r
dr ð22Þ
For the second loading stage of group (1), according to Drucker’s
postulate and plastic work equivalent theorem
dep2
dep
¼ @/=@r2ðr1a1Þ
r  @/@ðr1a1Þ þ
ðr2a2Þ
r  @/@ðr2a2Þ
ð23Þ
Since at the initial yield point of the second loading stage of
group (1), a2 = r1 = 0 we have
dep2
dep
¼ @/=@r2a1
r  @/@a1 þ
r2
r  @/@ðr2a2Þ
ð24Þ
Then we have
dr2
dep
¼ dr2
dep2
de2
dep
¼ dr2
dep2
@/=@r2
a1
r  @/@a1 þ
r2
r  @/@ðr2a2Þ
ð25Þ
From Eqs. (18), (19), (22), and (24) we have
a1 @/
@a1
c
r
þ c
 
þ dr2
dep2
ð@/=@r2Þ2
a1
r  @/@a1 þ
r2
r  @/@ðr2a2Þ
þ c @/
@a2
r2
r
¼ @/
@r
dr
dep
ð26Þ
Then from Eqs. (17) and (26) we have
c ¼ P I  K M @/
@a1
 
ð27Þ
c ¼ P
a1
I  K M 1
P
þ @/
@a1
  
ð28Þ
where I ¼ @/
@r
dr
dep, K ¼ dr2dep2
ð@/=@r2Þ2
a1
r 
@/
@a1
þr2r 
@/
@ðr2a2 Þ
, M ¼ dr1dep  drdep,
P ¼ 1a1 @/@a11r @/@a1þ @/@a2r2r
. Here, dr2
dep2
can be obtained from the experimental
curve in the second loading stage.
With the test data of six two-stage loadings of group (1), a set of
data (c; ep) and (c;ep) can be obtained from Eqs. (27) and (28). Here,
the kinematic hardening parameters, c and c, were represented as
the exponentially decaying functions of the equivalent plastic
strain ep:
cðepÞ ¼ c1 þ c2 ec3ep ð29Þ
cðepÞ ¼ c1 þ c2ec3e
p ð30Þ
By ﬁtting the obtained data (c; ep) and (c; ep), the parameters of
Eqs. (29) and (30) (c1, c2, c3 and c1, c2, c3) can be determined.
The results based on the Chaboche type model with Hill48 yield
function can also be obtained from the above equations just by
replacing Yld2000-2d with Hill48 yield function.
Table 3
The anisotropy parameters of Hill48 yield function.
F G H N
Hill48 (1) 0.438 0.581 0.409 1.398
Hill48 (2) 0.526 0.450 0.550 1.608
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methods (1), (2) and (3) are called Chaboche (1), (2) and (3),
respectively in this study.
5. Numerical simulations
The established Chaboche type combined isotropic–kinematic
hardening models with Yld2000-2d and Hill48 yield functions were
implemented intoABAQUS/Standard codesusing theuser-subroutines
UMAT and the Backward Euler method. The basic equations of the
numerical formulations for the Chaboche type isotropic–kinematic
hardening model with Yld2000-2d yield function are as follows.
rðrnþ1  anþ1Þ ¼ rðrn  an þ Drnþ1  Danþ1Þ ¼ q ð31aÞ
Danþ1 ¼ anþ1  an ¼ crnþ1  anþ1r  canþ1
 
Depnþ1 ð31bÞ
Drnþ1 ¼ rnþ1  rn ¼ CðDe Depnþ1Þ ð31cÞ
Depnþ1 ¼ Depnþ1
@r
@rnþ1
ð31dÞ
And
q ¼ qðepnþ1Þ ¼ qðepn þ Depnþ1Þ ð32aÞ
c ¼ cðepnþ1Þ ¼ cðepn þ Depnþ1Þ ð32bÞ
c ¼ cðepnþ1Þ ¼ cðepn þ Depnþ1Þ ð32cÞ
where ep is plastic strain, C is elastic matrix and q is the reference
hardening curve. The subscript denotes the process time step.
The predictor-corrector scheme based on the Newton–Raphson
method was used to solve Depnþ1 in Eq. (31). To effectively solve the
non-linear equation, the solution was obtained progressively by
adding several yield surfaces between the trial elastic stress
(rTnþ1 ¼ rn þ CDe) and the initial stress rn (Yoon et al., 1999).
As for the isotropic–kinematic hardening model with Hill48
yield function, only Chaboche (3) was implemented into ABAQUS
since Hill48 yield function and the Chaboche type model with con-
stant parameters are already included in ABAQUS.
Then the ﬁnite element simulations of the above two-stage
tests were performed where the S4R shell elements were adopted.
6. Results and discussions
6.1. Veriﬁcations of the hardening models
The anisotropic coefﬁcients of Yld2000-2d are calculated with
the seven measured material properties (in Table 1) are shown in
Table 2 assuming b3 = b6 (therefore, L
00
12 ¼ L0021) in Eq. (7) by solving
a group of non-linear equations (Barlat et al., 2003a; Lee et al.,
2005).
The anisotropic coefﬁcients of Hill48 yield functions are listed
in Table 3. In Table 3, the coefﬁcients of Hill48 yield functions
are calculated with two different relationships (Park and Chung,
2012) with r-values and normalized stresses presented in Table 1
respectively as shown in Section 4.1. The resulting parameters of
Chaboche type model combined isotropic–kinematic model with
Yld2000-2d and Hill48 are listed in Tables 4–9. The values in TablesTable 2
The anisotropy coefﬁcients of Yld2000-2d yield functions.
b1 b2 b3 b4 b5 b6 b7 b8
0.8766 1.1166 0.9408 1.0134 1.0101 0.9408 1.0955 0.96554 and 5 were obtained with Yld2000-2d, those in Tables 6 and 7
were obtained with Hill48 (1) and those in Tables 8 and 9 were ob-
tained with Hill48 (2).
The predicted reference curve, isotropic hardening and back-
stress based on Chaboche (1), (2) and (3) with Yld2000-2d yield
function are compared with the experimental results in Fig. 7. In
Fig. 7, the experimental reference curve is the simple tension curve
along the rolling direction. The experimental isotropic hardening
and backstress are obtained by solving Eqs. (12) and (13), where
r1 and r2 are measured from the two stage loading test of Group
(1) as presented in Section 3.1, i.e. the ﬁrst loading and the second
loading are along the rolling and the transverse directions, respec-
tively. For each two-stage loading test, one pair of stresses r1 and
r2 are measured from the ﬁrst loading and the second loading
tests, respectively. Then one pair of values of the isotropic harden-
ing and backstress can be obtained by solving Eqs. (12) and (13).
Therefore six pairs of values of the isotropic hardening and back-
stress are obtained since there are six tests in the two-stage test
of Group (1).
It can be seen that all the three models can describe the mea-
sured isotropic hardening and backstress reasonably. Chaboche
(2) and (3) can describe the uniaxial tensile test curves in the roll-
ing directions accurately whereas Chaboche (1) cannot. For Chab-
oche (1), there is a bifurcation point between the simulated and
experimental curve in the rolling direction, after which the error
of Chaboche (1) becomes larger with the increase of strain. This
is because that only the limited experimental data including the
backstress and the isotropic hardening were used for determining
the parameters of Chaboche (1). When determining the parameters
of the isotropic hardening of Chaboche (2), the whole experimental
reference curve (uniaxial tensile curves in the rolling direction)
was used so that the simulated and experimental reference curves
in the rolling direction coincide with each other. Besides the exper-
imental isotropic hardening and backstress, the slopes of the
experimental curves were also used for determining the parame-
ters of Chaboche (3) which may lead to the reasonable prediction
of the experimental reference curve.
The uniaxial tensile test curves simulated based on Chaboche
(1), (2) and (3) with Yld2000-2d yield function along the 45 and
the transverse directions are shown in Fig. 8. In this study, the
experimental uniaxial tensile curves along the rolling direction
was adopted as the reference curve and the stress anisotropy
changes during deformation process were considered in Yld2000-
2d yield function. Therefore, as shown in Fig. 8, Chaboche (2) and
(3) can describe the uniaxial curves along 45 and the transverse
directions well since the reference curves based on them coincide
with the experimental ones. Chaboche (1) can not describe the
experimental curves along 45 and the transverse direction reason-
ably since it can not predict the reference curve reasonably.
The simulated and experimental stress–strain curves in the sec-
ond loading stage of the two-stage loading, where the ﬁrst and the
second loading stages are along the rolling and the transverseTable 4
The parameters of Chaboche (1) and Chaboche (2) with Yld2000-2d yield function.
r0 q b c c
Chaboche (1) 92.19 140.49 18.25 560.17 19.96
Chaboche (2) 99.11 180.79 14.45 560.17 19.96
Table 5
The parameters of Chaboche (3) with Yld2000-2d yield function.
r0 q b c1 c2 c3 c1 c2 c3
92.19 140.49 18.25 4283.08 4041.92 3.72 54.12 64.77 42.13
Table 6
The parameters of Chaboche (1) and Chaboche (2) with Hill48 (1).
r0 q b c c
Chaboche (1) 90.43 125.81 17.31 1075.09 23.80
Chaboche (2) 99.11 180.79 14.45 1075.09 23.80
Table 7
The parameters of Chaboche (1) and Chaboche (2) with Hill48 (2).
r0 q b c c
Chaboche (1) 97.82 132.30 17.82 423.598 8.787
Chaboche (2) 99.11 180.79 14.45 423.598 8.787
Table 8
The parameters of Chaboche (3) with Hill48 (1).
r0 q b c1 c2 c3 c1 c2 c3
90.43 125.81 17.31 3703.25 3524.10 3.43 26.92 65.88 30.49
Table 9
The parameters of Chaboche (3) with Hill48 (2).
r0 q b c1 c2 c3 c1 c2 c3
97.82 132.30 17.82 6481.50 6088.40 2.23 52.05 53.72 32.40
Fig. 7. Isotropic hardening, backstress and reference curve based on Chaboche type
model with Yld2000-2d yield function.
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Fig. 9. The simulated results based on the isotropic hardening
model are also presented where the monotonic tension curve
based on Chaboche (3) along the rolling directions is adopted as
the reference curve. It can be seen that the stress–strain curves
simulated based on Chaboche (3) with Yld2000-2d yield function
are in good agreement with the experimental results. Chaboche
(3) can describe the transient effect of the entire experimental
results well, because the slopes of the experimental curves in the
second loading stage were considered. When the pre-strain is not
large (0.013, 0.02 and 0.028), there is no signiﬁcant difference be-
tween Chaboche (2) and Chaboche (3). And when the pre-strains
are 0.013, 0.02 and 0.028, Chaboche (1) and Chaboche (2) describe
the transient effect reasonably whereas they do not act well on
other pre-strains.For all the three models, the initial yield stress of the second
loading stage can be predicted accurately, because the experimen-
tal backstress and isotropic hardening were adopted to determine
the parameters of the isotropic–kinematic hardening model.
As shown in Fig. 9, neither the initial yield stress of the second
loading stage nor the transient effect can be described reasonably
by the isotropic hardening model. It can also be seen that the error
of the isotropic hardening model becomes larger with the increase
of the pre-strain. However, for each curve, after some deformation
the results based on the isotropic hardening model converge to
those based on Chaboche (3) gradually. This is because the mono-
tonic tension curve along the rolling direction based on Chaboche
(3) is adopted as the reference and no permanent softening exists
in Chaboche model (shown in Appendix). If the simple tensile
stress–strain curve based on another Chaboche model (Chaboche
(1) or Chaboche (2)) is adopted as the reference curve, the similar
result based on the isotropic hardening will be observed which will
not be shown here.
Figs. 10 and 11 shows the experimental and the predicted back-
stress, isotropic hardening, and the reference curve based on Chab-
oche (1), (2) and (3) with Hill48 (1) and Hill48 (2) respectively. The
results are obtained with the same method as above (as those with
Yld2000-2d yield function). As shown in Fig. 10, for the case with
Hill48 (1) characterized with r-values, all the three models can de-
scribe the isotropic hardening reasonably. Chaboche (2) describes
the reference curve better than Chaboche (1) and Chaboche (3).
At the initial stage of deformation, Chaboche (3) underestimates
the backstress and the reference curve. After some deformation,
the error of the reference curve based on Chaboche (1) with Hill48
becomes larger with the increase of strain. As shown in Figs. 11 and
7, the predicted results based on the three Chaboche models with
Hill48 (2) characterized with normalized stresses are similar to
those with Yld2000-2d, respectively which will no longer be
discussed.
The uniaxial tensile curves in 45 and the transverse directions
simulated based on Chaboche (1), (2) and (3) with Hill48 yield
function are shown in Figs. 12 and 13. For the case with Hill48
(1) with r-value stresses, as shown in Fig. 12, all the three models
with Hill48 yield function cannot describe the curves in 45 and
the transverse directions reasonably. Rather, as shown in Fig. 13.
for the case with Hill48 (2) characterized with normalized stresses,
all the three models describe the experimental curves reasonably
as well as those with Yld2000-2d yield function.
Figs. 14 and 15 shows the results in the second loading stage of
the two-stage loading of group (1) (the ﬁrst and the second loading
are along the rolling and transverse directions) based on Chaboche
(1), (2) and (3) with Hill48 (1) and Hill48 (2). By comparing Figs. 9
and 15, the performances of the three Chaboche model and isotro-
pic hardening model with Hill48 (2) (characterized with normal-
ized stresses) are same as those with Yld2000-2d yield function.
The results based on Chaboche (3) with Hill48 (2) are as good as
those based Chaboche (3) with Yld2000-2d. As for the case with
Hill48 (1) (characterized with r-values), as shown in Fig. 14, none
of three Chaboche models can describe the experimental curves
of the second loading stage reasonably though the initial yield
stress can be predicted well.
As seen from the above results, Chaboche (3) with Yld2000-2d
and Hill48 (2) (Characterized with normalized stress) have the
highest accuracy in describing the experimental results under
two-stage loadings.
In this study, the parameters of the isotropic–kinematic harden-
ing models were determined with the experimental data under the
two-stage loading where the ﬁrst and second loading stages are
along the rolling and the transverse directions, respectively. In
order to further evaluate the accuracy of the established
hardening model, the simulated and experimental results under
Fig. 8. Uniaxial tensile stress–strain curves simulated based on Chaboche type model with Yld2000-2d yield function. (a) Curves along the 45 direction. (b) Curves along the
transverse direction.
Fig. 9. Comparison of the experimental and simulated stress–strain curves based on Chaboche type model with Yld2000-2d yield function (for the second loading of the two-
stage tests where the ﬁrst loading is along the rolling direction and the second loading is along the transverse direction). (a) Pre-strain of 0.013, (b) Pre-strain of 0.02, (c) Pre-
strain of 0.028, (d) Pre-strain of 0.047, (e) Pre-strain of 0.077, (f) Pre-strain of 0.107.
3702 H. Wang et al. / International Journal of Solids and Structures 49 (2012) 3693–3710
Fig. 10. Isotropic hardening, backstress and reference curve based on Chaboche
type model with Hill48 (1) (characterized with r-values).
Fig. 11. Isotropic hardening, backstress and reference curve based on Chaboche
type model with Hill48 (2) (characterized with normalized stresses).
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and 17 show the comparisons between the experimental and sim-
ulated results based on Chaboche (1), (2) and (3) with Yld2000-2d
and Hill48 (2) (characterized with normalized stress). In Fig. 16(a),
(b) and Fig. 17(a), (b) the ﬁrst and the second loading stages are
along the rolling and the 45 directions, respectively, while in
Fig. 16(c), (d) and Figs. 17(c), (d) the ﬁrst and the second loading
stages are along the transverse and the rolling directions, respec-
tively. As shown in Figs. 16 and 17, the performances of the three
Chaboche models based on Hill48 (2) are the same as those based
on Yld2000-2d. Chaboche (3) with Hill48 (2) and Yld2000-2dFig. 12. Uniaxial tensile stress-plastic strain curves simulated based on Chaboche typ
transverse direction.describe the entire experimental results reasonably. For the isotro-
pic hardening model, neither the initial yield stress nor the tran-
sient effect of the second loading stage can be described
reasonably whereas the predicted results coincide with the exper-
imental results gradually with the increase of the deformation due
to no permanent softening.6.2. Performance of the yield functions on the resulting hardening
model
For the hardening behavior under in-plane uniaxial cyclic ten-
sion–compression test, the predicted results do not depend on
the choice of the yield function since the loading is always along
the same axis (forward or reverse loading). However, for the
two-stage loading, the loading paths are along two different direc-
tions, the anisotropy also plays an important role on the predicted
results as well as the kinematic hardening. In this study, the objec-
tive is to characterize the stress–strain curves and the stress
anisotropy is dominant. Therefore, when Hill48 is characterized
with normalized stress the predicted results are very close to those
with Yld2000-2d function and Chaboche (3) model with both of
them describe the experimental results reasonably. Rather, when
Hill48 is characterized with r-values, the results can not be de-
scribed reasonably. The above results show that a proper charac-
terization method is as important as the yield function itself.
Therefore, it is also important to choose a proper characterization
method of the yield function when establishing the combined iso-
tropic–kinematic hardening model for two-stage loading besides a
proper kinematic hardening law.
Fig. 18 shows the plastic work contours of Yld2000-2d, Hill48
(1) and Hill48 (2) at different equivalent plastic strain. As shown
in Fig. 18, the plastic work contours of Hill48 (1) and Hill48 (2)
with the two characterization methods are remarkably different.
The difference of the predicted stress in the transverse direction
will lead to the differences of the backstress and the isotropic hard-
ening solved from Eqs. (12) and (13). The stresses in the transverse
direction with Hill48 (2) always coincide with those with Yld2000-
2d yield function which lead to the almost same results. In this
study, the isotropic hardening and the backstress were obtained
by solving Eqs. (12) and (13), from which it can be concluded that
the end loading point of the ﬁrst loading stage (A1) and the initial
yield point of the second loading stage (A2) should be on the
resulting subsequent yield surface as shown in Fig. 19, where the
equivalent plastic strain is 0.107. OY, OH1 and OH2 denote the
resulting centers of the subsequent yield surfaces of Yld2000-2d,
Hill48 (1) and Hill48 (2), respectively, which demonstrates the dif-
ference of the backstresses based on Hill48 (1) and Hill48 (2).e model with Hill48 (1). (a) Curves along the 45 direction. (b) Curves along the
Fig. 13. Uniaxial tensile stress-plastic strain curves simulated based on Chaboche type model with Hill48 (2). (a) Curves along the 45 direction. (b) Curves along the
transverse direction.
Fig. 14. Comparison of the experimental and simulated stress–strain curves based on Chaboche type model with Hill48 (1) (for the second loading of the two-stage tests
where ﬁrst loading is along the rolling direction and the second loading is along the transverse direction). (a) Pre-strain of 0.013, (b) Pre-strain of 0.02, (c) Pre-strain of 0.028,
(d) Pre-strain of 0.047, (e) Pre-strain of 0.077, (f) Pre-strain of 0.107.
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Fig. 15. Comparison of the experimental and simulated stress–strain curves based on Chaboche type model with Hill48 (2) (for the second loading of the two-stage tests
where ﬁrst loading is along the rolling direction and the second loading is along the transverse direction). (a) Pre-strain of 0.013, (b) Pre-strain of 0.02, (c) Pre-strain of 0.028,
(d) Pre-strain of 0.047, (e) Pre-strain of 0.077, (f) Pre-strain of 0.107.
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vs. the equivalent plastic strain curves based on Chaboche (3) with
Yld2000-2d, Hill48 (1) and Hill48 (2), from which the difference
between Hill48 (1) and Hill48 (2) can be seen clearly. As shown
in Fig. 20, the resulting curves based with Yld2000-2d and Hill48
(2) almost coincide with each other.
Though the resulting isotropic hardening and the backstress
based on Yld2000-2d, Hill48 (1) and Hill48 (2) are different, they
both satisfy Eqs. (12) and (13). Therefore, both resulting initial
yield stress of the second loading stage based on them coincide
with the experimental ones, as shown in Figs. 9, 14 and 15.
The established combined isotropic–kinematic hardening mod-
el Chaboche (3) with Yld2000-2d and Hill48 (2) can describe the
Bauschinger effect and the transient effect under two-stage loading
reasonably, but it can not describe permanent softening effect. Inorder to describe the hardening behavior with softening effect, a
modiﬁcation such as adding softening parameters is needed.
7. Three point bending tests of the pre-strained specimen
7.1. Experimental and numerical simulation
In order to further evaluate and verify the established harden-
ing model considering more general loading path changes, the
three point bending test of the pre-strained specimen was
performed. As shown in Fig. 21, in the ﬁrst step, a rectangle sheet
with the length of 190 mm was stretched along the length direc-
tion up to the strain of 0.1. Then in the second step, a specimen
with the length of 110 mm was cut off from the pre-strained sheet
with which the three point bending test was performed.
Fig. 16. Comparisons of the experimental and the simulated stress–strain curves based on Chaboche type model with Yld2000-2d yield function. (a) Curves along the 45
direction with pre-strain of 0.018 along the rolling direction. (b) Curves along the 45 direction with pre-strain of 0.057 along the rolling direction. (c) Curves along the rolling
direction with pre-strain of 0.047 along the transverse direction. (d) Curves along the rolling direction with pre-strain of 0.077 along the transverse direction.
Fig. 17. Comparisons of the experimental and the simulated stress–strain curves based on Chaboche type model with Hill48 (2). (a) Curves along the 45 direction with pre-
strain of 0.018 along the rolling direction. (b) Curves along the 45 direction with pre-strain of 0.057 along the rolling direction. (c) Curves along the rolling direction with pre-
strain of 0.047 along the transverse direction. (d) Curves along the rolling direction with pre-strain of 0.077 along the transverse direction.
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Fig. 18. Plastic work contours of Yld2000-2d, Hill48 (1) and Hill48 (2) at different
equivalent plastic strain (0.002, 0.019, 0.049 and 0.098).
Fig. 19. Subsequent yield surfaces of Hill48 (1), Hill48 (2) and Yld2000-2d yield
functions at the equivalent plastic strain of 0.107.
Fig. 20. Isotropic hardening, backstress and reference curve vs. the equivalent
plastic strain curves.
Fig. 21. Schematic diagram of the three point bending test (mm). (a) First step:
Stretch. (b) Second step: Three point bending.
Table 10
The anisotropic elastic properties.
E0 (GPa) E45 (GPa) E90 (GPa) m0 m90
65.9 90.9 67.9 0.29 0.30
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Two specimens with the length along the rolling and the trans-
verse directions respectively were used. The diameters of the
punch and die of three point bending are 20 mm and the span of
the die is 40 mm as shown in Fig. 21(b). The displacement of the
punch in three point bending is 4.5 mm.
The three point bending test of no pre-strained specimen with
the same dimensions as those of the pre-strained specimen was
also performed.
In the simulation of three point bending, S4R shell element was
adopted for the blank with 5 integration points through thicknessdirection. R3D4 discrete rigid element was adopted for the punch
and die and the friction coefﬁcient l = 0.2 was adopted.
For the three point-bending test, elasticity (and its anisotropy)
is as important as plasticity (Chung et al., 2011). Therefore, ortho-
tropic elasticity was used under the planes stress condition:
rxx
ryy
rxy
0
B@
1
CA ¼
Ex
1mxymyx
Exmyx
1mxymyx 0
Eymxy
1mxymyx
Ey
1mxymyx 0
0 0 Gxy
2
664
3
775
exx
eyy
2exy
0
B@
1
CA ð33Þ
where myxEx = mxyEy, Gxy ¼ 14
E45
12vxyEx 
1
Ey
In Eq. (33), x, y, z are the materially embedded principal aniso-
tropic axes: x for the rolling, y and z for transverse and thickness
directions, respectively. The elastic modulus along the rolling,
45off and transverse directions E0, E45 and E90 are shown in Table
10.
Two models were used in the simulations:
 Isotropic–kinematic hardening model, Chaboche (3), with
Yld2000-2d yield function.
 Isotropic hardening model with Yld2000-2d yield function.
7.2. Results and discussions
From the simulated results of three point bending, it can be
seen that the material points at the edges of the specimen (with
or without pre-strain) are under uniaxial loading while those at
the center of the specimen are nearly under plane strain loading.
During bending process of the pre-strained specimens, the mate-
rial points under compressive loading (i.e. the material points
above the neutral layer of the specimen) will experience reverse
loading since they undergo tensile loading in the ﬁrst loading
stage. Fig. 22 shows the comparisons between the experimental
and the simulated springback proﬁles of the three point bending
Fig. 22. Springback proﬁles of the three point bending test of the specimens without pre-strain. (a) The specimen with the length along the rolling direction. (b) The specimen
with the length along the transverse direction.
Fig. 23. Springback proﬁles of the three point bending test of the specimens with pre-strain. (a) The specimen with the length along the rolling direction. (b) The specimen
with the length along the transverse direction.
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with pre-strains.
As shown in Fig. 22, for the three point bending of the specimens
without pre-strain, both the isotropic–kinematic hardening model
Chaboche (3) with Yld2000-2d yield function and the isotropic
hardening model with Yld2000-2d yield function describe the
springback proﬁle reasonably. As shown in Fig. 23, the isotropic–
kinematic hardening model Chaboche (3) with Yld2000-2d yield
function can describe springback proﬁles of the two pre-strained
specimens reasonably whereas the isotropic hardening model with
Yld2000-2d yield function can not.
The main objective of this study is to establish a proper isotro-
pic–kinematic hardening model that can describe the hardening
behavior under two-stage loading accurately. It is interesting that
the isotropic–kinematic hardening model Chaboche (3) with
Yld2000-2d yield function established with the experimental data
from two-stage loading can reasonably describe the springback
proﬁle of the three point bending of the pre-strained specimen
where some material points undergo reverse loading.
8. Conclusions
In the present work, the two-stage loading tests were
performed for 5754O aluminum alloy and the Bauschinger effect
and transient effect were observed whereas no permanent soften-
ing appeared. The Chaboche type isotropic–kinematic hardening
models were adopted with Yld2000-2d and Hill48 yield functions.From theoretical analysis it is found that the Chaboche type model
can not describe the permanent softening in two-stage loading.
Three methods for determining the parameters of the isotropic–
kinematic hardening model were presented. The two-stage
loading tests were simulated in ABAQUS software based on the
established models. The isotropic–kinematic hardening models
describing the experimental results under two-stage loading were
accurately determined. The inﬂuences of the characterization of
Hill48 yield function on the accuracy of the resulting isotropic–
kinematic hardening model were analyzed. It is concluded that a
proper characterization method of the yield function is important
when establishing accurate isotropic–kinematic hardening model
for two-stage loading. It is interesting that the established isotro-
pic–kinematic hardening model describing the deformation
behavior under two-stage loading can also describe reasonably
the springback proﬁle of three point bending of the pre-strained
specimen.
The experimental and theoretical investigation of the anisot-
ropy evolution of sheet metals under two-stage loading will be car-
ried out in the future.Acknowledgements
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permanent softening in two-stage loading
Take the two-stage loading where the ﬁrst and the second load-
ing stages are along the rolling and the transverse directions
respectively, as an example.
For the monotonic loading along the direction of the second
loading stage (the transverse direction), we have a1 = 0 according
to Chaboche type model (Eq. (8)) since r1 = 0. Then according to
the expression of Eq. (9) (Chaboche type isotropic–kinematic hard-
ening model with Yld2000-2d yield function) we have
r2  a2 ¼ gðepÞr ðA:1Þ
where
gðepÞ ¼ r2  a2
r
¼ r90ðe
pÞ
r0ðepÞ ðA:2Þ
In Eq. (A.2), r0ðepÞ and r90ðepÞ are the current yield stresses
along the rolling and the transverse directions during deformation.
Then according to Eq. (8) we have
da2 ¼ cðepÞgðepÞdep  cðepÞa2dep ðA:3Þ
Here the kinematic hardening parameters, c and c, were as-
sumed as the functions of the equivalent plastic strain ep. In special
cases c and c are constant.
Then from Eq. (A.3),
a2ðepÞ ¼ exp 
Z e
ep0
cðepÞdep
 ! Z e
ep0
exp
Z e
ep0
cðepÞdep
 !
cðepÞgðepÞdep þ a2ðep0Þ
 !
ðA:4Þ
Then
lim
ep!1
a2 ¼ lim
ep!1
R ep
ep0
expðR epep0 cðepÞdepÞcðepÞgðepÞdep þ a2ðep0Þ
expðR ee0 cðepÞdepÞ ðA:5Þ
For Eq. (A.5), L’Hospitals rule can be applied when the denomi-
nator as well as the numerator converges to inﬁnity. When ep0 ¼ 0,
a2ðep0Þ ¼ 0 and according to L’Hospital rule
lim
ep!1
a2 ¼ lim
ep!1
expðR epep0 cðepÞdepÞcðepÞgðepÞ
cðepÞ expðR epep0 cðepÞdepÞ
¼ lim
ep!1
gðepÞ cðe
pÞ
cðepÞ
 
ðA:6Þ
Then according to Eqs. (A.1) and (A.6)lim
ep!1
rmonotonic2 ¼ limep!1ðgðe
pÞrðepÞÞ þ lim
ep!1
a2
¼ lim
ep!1
ðgðepÞrðepÞÞ þ lim
ep!1
gðepÞ cðe
pÞ
cðepÞ
 
¼ lim
ep!1
gðepÞ  lim
ep!1
rðepÞ þ cðe
pÞ
cðepÞ
 
ðA:7Þ
In the ﬁrst loading stage of this two-stage loading, r2 = 0. Then
we have a2 = 0 according to Eq. (8). Then according to Eq. (8) we
have
da1 ¼ cðepÞ ðr1  a1Þr de
p  cðepÞa1dep ðA:8Þ
After the ﬁrst loading stage and then in the second loading stage
r1 = 0. Then according to Eq. (8) we have
da1 ¼ a1 cð
epÞ
rðepÞ þ cðe
pÞ
 
dep ðA:9Þ
And from Eq. (8) we haveda2 ¼ cðepÞg0ðepÞdep  ca2dep ðA:10Þ
where
g0ðepÞ ¼ ðr2  a2Þ
r
ðA:11Þ
Since a1– 0, according to the expression of Eq. (10) we have
g0ðepÞ–gðepÞ.
From Eq. (A.9),
a1ðepÞ ¼ exp 
Z ep
ep0
cðepÞ
rðepÞ þ cðe
pÞ
 
dep
 !
a1ðep0Þ ðA:12Þ
Then after some operations with the expressions of cðepÞ, cðepÞ
and rðepÞ presented below, we have
lim
ep!1
a1 ¼ 0 ðA:13Þ
With the similar calculation as Eq. (A.6) we have
lim
ep!1
a2 ¼ lim
ep!1
g0ðepÞ  lim
ep!1
cðepÞ
cðepÞ ðA:14Þ
Since r1 = 0 and lim
ep!1
a1 ¼ 0 we have
lim
ep!1
/ðr1  a1;r2  a2Þ ¼ lim
ep!1
/ð0;r2  a2Þ
¼ lim
ep!1
2ðrðepÞÞm ðA:15Þ
Then according to the expression of Eq. (10) we have
lim
ep!1
ðr2  a2Þ r0ð
epÞ
r90ðepÞ
 
¼ lim
ep!1
rðepÞ ðA:16Þ
Then
lim
ep!1
r2 ¼ lim
ep!1
rðepÞr90ðe
pÞ
r0ðepÞ
 
þ lim
ep!1
a2
¼ lim
ep!1
ðgðepÞrðepÞÞ þ lim
ep!1
g0ðepÞ cðe
pÞ
cðepÞ
 
ðA:17Þ
From Eqs. (A.2), (A.11), and (A.16) we have
lim
ep!1
g0ðepÞ ¼ lim
ep!1
r2  a2
rðepÞ
 
¼ lim
ep!1
r90ðepÞ
r0ðepÞ
 
¼ lim
ep!1
gðepÞ ðA:18Þ
Then from Eqs. (A.7), (A.17), and (A.18) we have
lim
ep!1
rtwostage2 ¼ limep!1gðe
pÞ  lim
ep!1
rðepÞ þ cðe
pÞ
cðepÞ
 
¼ lim
ep!1
rmonotonic2 ðA:19Þ
For the two-stage loading where the ﬁrst and the second load-
ing stages are along other directions, the same result can be ob-
tained. With the Chaboche type model with Hill48 yield function,
the same result can also be obtained. Therefore, it can be seen from
Eq. (A.19) that no permanent softening can be described with
Chaboche type model in two-stage loading.
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